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^ ' Abstract 

We propose a new method to describe a recoiling D-brane that is elastically scat- 
qj I tered by closed strings in the non-relativistic region. We utilize the low-energy 

1-^ ' effective field theory on the worldvolume of the D-brane, and the velocity of the 

D-brane is described by the time derivative of the expectation values of the massless 
K> , scalar fields on the worldvolume. The effects of the closed strings are represented 

H I by a source term for the massless fields in this method. The momentum conser- 

vation condition between the closed strings and the D-brane is derived up to the 
relative sign of the momentum of the D-brane. 
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1 Introduction 

Studies of interactions between D-branes and closed strings are quite important from various 
points of view. The interactions play a crucial role in finding non-trivial relationships between 
open strings and closed strings such as AdS/CFT [T] and recently-proposed open-closed du- 
alities 13 El Ej, for example. Studies of the interactions are also important to analyze the 
dynamics of the systems of multiple D-branes. 

However, almost all analyses of the interactions have been carried out by considering static 
D-branes, and it is a long-standing problem to describe the back reaction of the D-branes. 
A D-brane in the worldsheet description is just a boundary of the worldsheet with Dirichlet 
boundary condition, and the D-brane is treated as an infinitely heavy classical source of closed 
strings; the position, or the collective coordinate, of the D-brane is fixed at a point in the target 
space in the Dirichlet direction. 

There are several attempts to describe the back reaction of D-branes. Some of them 
are based on the conformal field theory on the worldsheet IHl 13 El • In Ref . |31 , the disk 
amplitude for the scattering of closed string states from a D-particle is computed in the bosonic 
string theory in which the collective coordinate of the D-particle is quantized. The current 
conservation condition of the D-particle is obtained by demanding the conformal invariance 
of the amplitude in that work. Momentum conservation condition between the closed strings 
and the D-particle is described by using the zero-mode integral in the path integral of the 
trajectory of the D-particle. 

Attempts to obtain the momentum conservation condition between closed strings and a 
D-brane from the viewpoint of conformal invariance can be found in Refs. 13 El- An 
annulus amplitude for the scattering of the closed strings from the D-brane is considered and 
a variant of the Fischler-Susskind mechanism is proposed there; the infrared (IR) divergence 
in the open string channel of the annulus amplitude is canceled by adding an appropriate 
operator to the boundary of the worldsheet. The momentum conservation condition between 
the closed strings and the D-particle is explicitly obtained in Refs. [3 El by demanding 
the conformal invariance of the total amplitude. In Ref. |H1, the IR divergence is canceled 
by adding a logarithmic operator jU] that represents the recoil of the D-particle JOl ITT].^ 
However, it is also pointed out in Ref. [HI that the divergence does not exist in the case of 
Dp-brane with p > 1. In Ref. [31, the energy conservation condition is also obtained as well 
as the momentum conservation condition in the case of D-particle, explicitly. However, there 
is still room to clarify how to define the initial momentum of the D-particle there. Further 
investigation along the ideas of Refs. [HI 13 El is still important for deeper understanding of 

^For other related studies on D-brane recoil with the logarithmic operators, see Refs. |12II13I [1^1151 1161 
El [m, for example. 
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recoil of D-branes. Some applications of D-brane recoil to other topics, and related works are 

found in Refs. [inil2niinil2ai23l211l23l2ai2Ill2Hll23Eni- 

A target-space theory that handles second-quantized closed strings with dynamical D- 
branes may provide us a description of back reaction of D-branes. Some arguments on back 
reaction and recoil of D-branes along this approach is found in Ref . [3T] . 

In the present work, we propose an alternative method to describe the scattering process 
between a D-brane and closed strings together with the back reaction of the D-brane in the 
bosonic string theory. The impact of the closed strings in this method is represented by a 
source term of the low-energy effective worldvolume theory of the D-brane, and the initial and 
the final velocity of the D-brane are described by the time derivative of the expectation values 
of the massless scalar fields of the worldvolume theory. We utilize the following approximations 
to justify our approach: 

1. Field theory limit, namely k'^a' <^ 1 where k is the typical momentum of the open strings 
on the D-brane. 

2. Elastic limit, namely the momenta of the closed strings are small enough and no massive 
open-string mode is excited on the D-brane. We also assume that the closed strings do 
not lose their total momentum in the worldvolume directions of the D-brane, and no 
internal field on the D-brane gets momentum from the closed strings. 

3. Non-relativistic limit, namely the velocity of the D-brane is very small. 

4. Tree level approximation in the string theory, namely the string coupling is very small. 

The above conditions 3 and 4 means that the tension of the D-brane is very large. This is also 
consistent with the condition 1. 

A nontrivial problem is how to represent the source term of the worldvolume theory in 
terms of the quantities of the closed strings. The basic idea is as follows. We consider a 
scattering process between the D-brane and the closed strings that creates n massless scalar 
particles on the worldvolume of the D-brane. We calculate the probability of the creation of 
the n massless scalar particles in the two different frameworks: one of them is the worldvolume 
theory of the D-brane with the source term and the other is the perturbative string theory. 
By comparing the two results, we obtain the relationship between the source term and the 
momenta of the closed strings, and we obtain the momentum conservation condition between 
the closed strings and the D-brane up to the relative sign of the momentum of the D-brane. 
One of the distinction between the present work and those in Refs. jHl El E] is that all the 
diagrams we consider in the string theory are disk diagrams and we need not annulus diagrams. 



The organization of this article is as follows. We consider bosonic strings, and we start 
by considering a recoiling D-particle for simplicity. In section 2, we consider the worldvolume 
theory of the D-particle and review some basic facts necessary for the later discussions. We 
calculate the amplitude of the creation of the n massless particles explicitly. In section 3, we 
consider the scattering process between the D-particle and the closed strings and calculate 
the amplitude of the process that creates n massless open string modes on the D-particle in 
the framework of the string theory. In section 4, we compare the results obtained in section 
2 with those in section 3. We show that the absolute value of the total momentum transfer 
from the closed strings is exactly equal to the absolute value of the change of the D-particle's 
momentum, within the above approximations. We also comment on the distribution of the 
probability of the n massless particle creation. We see that the expectation value of the total 
energy of the created particles gives the kinetic energy of the D-particle, correctly. In section 
5, we generalize the results obtained for the D-particle to the case of higher dimensional D- 
branes. We compactify the worldvolume of the D-brane to make its mass finite, and we obtain 
the momentum conservation condition between the closed strings and the D-brane up to the 
relative sign of the momentum of the D-brane, again. We provide conclusion, several open 
problems and discussions in the last section. 

2 Effective field theory on D-particle 

2.1 Effective action 

We begin with the Dirac-Born-Infelt (DBI) action of a D-particle. It is just an ordinary action 
for a point particle: 



STym = -T j dt^l-X\ (2.1) 

where r is the tension of the D-particle, and X^ denotes the time derivative of the space 
coordinate X^ of the D-particle. We consider a non-relativistic D-particle in this work. Then 
X^ <^ 1 and the DBI action is written as 

^DBi = r|rft|^(9tX)2|, (2.2) 

where we have dropped the constant term and the 0(X'^) contributions. 

Next, we consider a scattering process between the D-particle and closed strings. We 
attempt to include the effects of the closed strings in the above action. A simple conjecture is 
that a source term may effectively represent the impact of the closed strings. Therefore, we 



consider the following effective action 

S = Tjdt [^idtXy - ^m'X' + J{t) ■ X(t)| , (2.3) 

and let us examine how this action represents the nature of the recoiling D-particle. Here, m 
is an IR cut-off that should be sent to zero finally, and we assume that J{t) includes relevant 
effects of the closed strings. 

2.2 Expectation value of X^ 

Let us calculate the time dependence of the expectation value of X^ at the classical level. We 
choose the target space coordinate so that the initial momentum of the D-particle is equal 
to zero and its final momentum is in the a;^^ direction. We assume that the source term is 
switched on only for the duration t\ <t < tf. The expectation value of the field X^^ is given 
by 

/oo 
rftUct(t-t')J'^(t'), (2.4) 

where G'rct(^ — i') is the retarded Green's function which satisfies 

{d'^t + m2)Grct(t - t') = e{t - t')5{t - t'), (2.5) 

and XQ^(t) satisfies the equation of motion without the source term, 

{d^+m^)X^'{t) = 0. (2.6) 

Xq^ is the initial velocity of the D-particle and Xq^ = 0, in fact. Substituting the explicit 
form of the retarded Green's function, 

/oo roo fin piQ{t~t ) 

where we should take the limit e — > +0. Then, 

X'' = Xl' + r 1^7 . , 'f • -J"'(<i)^ (2-8) 



/-oo 2711 {q — ie + m){q — it — m) 

where J'^^{q) is the source term in the momentum space. ^ Note that X^^ = Xq^ = for t < ti. 
^Our definition of tlie Fourier transformation is 

Fit) = f^^^'''Hq), (2.9) 

F{q) = / dte-"^'F{t). (2.10) 



For t > tf, 



X25 ^ le*-*j25(^) ^ lg-^mtJ25(_^) (c ^ +0) 



-^ J'^(O) (m^O). (2.11) 

The limit e -^ +0 should be taken before we take the limit m ^ 0. Note that J^^(O) is real. 
t{ — ti should be regarded as the duration of that the closed strings affect the D-particle in the 
scattering process. We assume that the effects of the closed strings disappear at the infinitely 
far future and we define the final velocity of the D-particle Xp in this region (t > tf). In the 
same way, we assume that the effects of the closed strings disappears at the infinitely past and 
the initial velocity of the D-particle XP should be defined in the region of t < ti. 

Then, the change of the velocity of the D-particle is given by XP = J^^(O), and the 
problem we should consider is how to rewrite J^^(O) in terms of the quantities of the closed 
strings. We will come back to this problem in section 0] 



2.3 n particle creation amplitude 

We calculate the n particle creation amplitude with the source term in order to compare it with 
the corresponding amplitude in the string theory. We treat the source term as a perturbation. 

The action without the source term is 

^0 = rJdtl^^idtXy - ^m^X^I . (2.12) 



We consider only X^^ and we define a dimension-less field 0(t) as X^^ = \/2i{a'<\). Then the 
Lagrangian and the canonical momentum are 

U = 2Wr 1^(9*0)2 -imV}, (2.13) 

V = 2Wr0. (2.14) 

We define the creation operator a and the annihilation operator a^ as 
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2 
where h = 27ra'rm. The Hamiltonian is given by 



(a + a^), (2.15) 

V = -zJ^(a-at), (2.16) 



Ho = m[a^a + ^). (2.17) 



Including the source term, the Haniihonian is 



H = Ho + V, (2.18) 

V = -j(t)(a + at), (2.19) 



where we have defined j{t) as 



We define the n particle state as \n) = -^(a"'^)"|0). 

By using the above notations, the n particle creation amplitude ^geM is given by 

io — *— oo,t — *CxD 

^ '2)"j(0)"e-^l^'(°)l'e*^ (2.21) 



at the limit m ^ 0. 6' is a real number defined in ()A.9|) . Note that l^gcMp = ^A"e~^ gives 
a Poisson distribution where A = |j(0)p, and the final state is a coherent state. The detailed 
calculation to obtain ()2.2H1 is reviewed in appendix 1X1 

3 Calculations in string theory 

In this section, we calculate the amplitude of the creation of the n massless scalar open strings 
on the D-particle from A^ closed strings, at the tree level. We choose the spacetime coordinate 
so that the D-particle recoils in the x^^ direction as we did in section and the massless open 
strings we consider here correspond to the zero mode of the D-particle in the x^^ direction.^ 
We also choose the spacetime coordinate so that the initial velocity of the D-particle is zero. 
The amplitude consists of several disk diagrams as shown in Fig. Q for example. We calculate 
a single disk amplitude to begin with, and we consider the full diagrams by using the results 
on the single disk amplitude. 

3.1 Single disk amplitude 

We calculate a disk amplitude A^^'") of A^ closed strings and n massless scalar open strings on 
the D-particle. We consider a unit disk Ai with Neumann boundary condition drX'^\r=i = 
and Dirichlet boundary conditions X'^\r=i = for u ^ 0, where z = re'^'^ is the complex 

■^The massless open strings discussed in the following should always be understood as the zero modes of 
the D-brane in the x^^ direction. 
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Figure 1: The diagrams of the amphtude of one open-string creation from two closed strings. 

coordinate on the unit disk. We exphcitly calculate for the case that all the closed strings 
are closed-string tachyons, for simplicity, however the results should be easily generalized to 
the cases of arbitrary closed strings. The open strings cannot carry momenta in the Dirichlet 
directions and thus their momenta in the space directions are zero. The energy of the massless 
open string is also zero due to the on-shell condition. Therefore, the massless open string 
labeled by I is represented by the vertex operator iC(/) ■ drX{e^'^') where Cn is the polarization 
vector which satisfies Cm = 1 and Cm = for z/ 7^ 25. 

3.1.1 A^ > 2 case 



The amplitude is given by 



^Wn) ^ ^9^9:Jyr,(f[Jd' 



N+n „27r 

'Zi 1 1 n / ^^i 

/ N N+n 

\ 1=3 l=N+l 

i 
"'0 \j=3-^ / i<j<N i,j<N 



M 



Z'lZj 



\a(i,j) 



zi=0,Z2=r2 



N+n 2tt \ ^+" ^ 

l=N+l i=l 







N+n 

X n exp{-C£)CS(9.X2^(e^<^-)9,X25(e^<^0)}, 

l,m=N+l,l<m 



(3.1) 



where only the terms that are linear with respect to every Cm {I = N + 1, ■ ■ ■ , N + n) should 
be taken and the other terms should be discarded in (j3.ip . C is a constant, go is the coupling 
constant for the massless open strings and Qc is the closed-string coupling constant, c, c and 
c'^ is the ghost fields of holomorphic, anti-holomorphic and the 0-component respectively. We 
have fixed the positions of the closed string vertices as 2:1 = and Z2 = T2, where Zj = rjC^'^^ is 



the position of the j-th vertex operator.^ The worldsheet coordinates are assigned as follows: 
z/s with 1 < j < A^ are for the closed strings and Zj's with A^ + l<j<A^ + n are for the 
open strings. We have also defined a{i,j) as 

«(^,jO = YK.)^a)-E^»^o)j' (3-2) 

and Zgh{r2) as 

Zgh(r2) = {c{0)c{0)cHr2))M- (3.3) 

We can easily find that Zgi^{r2) is a constant for the present case. Note that 

'd<p,^JdUf^)C^UdrX''{e'f-)drX'\e^'^')) = (3.4) 

due to ()B.7|) . and the last line of ()3.1|) becomes 1. We can calculate the contribution of the 
third line of (j3.1|) by using 

t^i " ^' 

''"^^t^ctH^ {— V + -^ - -Vl 

^^ '^' '^' 2 [w - Zi w-l/zi w - Zi w-l/Zi) 

N 

= -2WEfc|, (3.5) 

where w = e*"^', \zi\ < 1 and we have substituted Cm = 1- See appendix iBl for the details. 
Therefore the amplitude is given by 



i 

X rdrJYifd'z) n k.-%r''«''^'- n ii 

"'0 \i=3 / i<j<N i,.i<N 

N+n / N \ 

n 2WE^g 

=Ar+l \ j=i / 



^ J I 



N+n / N 

X 

I 
/ N \"- 



zi=0,Z2=r2 



i=l / 

^,E^(iS)"x^^'^'^ (3-6) 



^2 — is fixed and r2 can still move in the region < r2 < 1. 




where we have used the relationship T{2'na'goY = 1 in the last line. A'^^'^^ is the disk amplitude 
of A^ closed-string tachyons without open strings. Note that the momentum conservation 
condition among the strings appears due to the zero-mode integral. We do not have the 
momentum conservation condition among the strings in the Dirichlet directions due to lack of 
the zero-mode integral and thus Z^ili ^m 7^ is allowed. 

3.1.2 TV = 1 case 

In this case, we should fix both the position of the closed-string vertex and that of one of the 
open-string vertices.^ We will fix the position of the open-string vertex labeled by / = 2 as 
Z2 = e*"^^, where 02 is a fixed value. The position of the closed-string vertex will be fixed at 
the center of the unit disk, again. 

The amplitude is given by 

^^ 1=2 

A(^'O), (3.7) 

VV / 

where we have identified A^^'^^ as 

A('fi) = tg^C6ikf,^)Z,^^. (3.8) 

The factor l/(27r) in the first line of (j3.7p appears because of the absence of the 02 integral. 
The identification (j3.8p can be justified as follows. In the calculation of A^^''^\ we fix the 
position of the closed-string vertex at the center of the disk. Although the degrees of freedom 
of the modular transformation on the disk have not fixed completely, the residual symmetry 
is just a rotational symmetry the volume of which is 27r. Then let us fix the rotational degree 
of freedom by hand. More precisely, let us mark at the point z = e*"'^, for example, and 
fix the value of the 0-coordinate of the marked point by hand. This corresponds to divide 
the amplitude by 2tt. Now we have fixed the position of the closed string vertex and the 
0-coordinate of the marked point on the disk. Thus the Faddeev-Popov determinant is the 
same as the case we have more than one vertex; it is Z^^. As a result, we obtain ()3.8|) . 

3.1.3 General results 

After all, we obtain 

A(N,n)^ fJ_y2kf^ xA(^-o), (3.9) 



.V^tt 



^Alternative method of the calculation is to leave the positions of the open-string vertices unfixed and 
divide the amplitude by the volume of the rotational symmetry as mentioned bellow (|3.8(l . 



for all positive integers A^. All the closed-string vertices we have used in the calculations are 
closed-string tachyon vertices, however we can easily find that ()3.9|) holds for arbitrary closed 
strings if we regard A^^''^^ as the disk amplitude of the corresponding A^ closed strings and 
the n massless open strings. 

3.2 Total amplitude 

Now we can calculate the total amplitude of the creation of the n massless scalar open strings 
by using the results obtained in the previous subsection. We define the total amplitude as 
^(^.") Por simplicity, we demonstrate the calculation of the amplitude in the case of A^ = 2 
and n = 1 that is given schematically in Fig. ^ We can easily calculate the total amplitude 
by using ()H.9|1 as 

.(2,1) _ .(2,1) ,. (1,1). (1,0) .(1,0). (1,1) 

J\ — /i -\- /l(y /1(2) + /1(1) /1(2) 

Y^2 7,25 1,25 1,25 

_ U=l l^ji) . (2,0) , '^(l) 4 (1,0) . (1,0) . (1,0) '^(2) . (1,0) 

- ^ ^ 7^ « (') (^) 7^ (') 

_ Eti fcg r (2,0) . (1,0) . (1,0) 1 

- ^ {^ +^(1) ^(2) / 
y-2 7,25 

- ^'=' «^(2'0), (3.10) 



where A^"^'^' is the total amplitude for no open-string creation and ^u) is the disk amplitude 
with n massless open-string vertices and i-th closed-string vertex. The above calculation can 
be easily extended into the case of A^ > 2, and we obtain 

in general. Furthermore, we can show that 

d^ - r?l^V (3 12) 

^(iv,o) -\ ^ ) ■ (3.12) 

The derivation of (jH.llj) and ()3.12j) is given in appendix O 

4 Momentum conservation 

4.1 The source term from the string amplitude and the momentum 
conservation 

In order to rewrite J^^(O) in terms of the quantities of the closed strings, we compare the 
amplitude obtained in section |21 with that in section El Before comparing them explicitly, we 
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should notice the following facts: 

1. Normalization of the states 

If we have n same particles in the final state, we should divide the cross section by n\. 
In other words, we should multiply l/\fn}. to the string amplitude in order to compare it 
with the amplitude in the worldvolume theory where the factor l/\fn}. is already included 
in the definition of the n-particle state. 

2. Dimension of the spacetime 

In the worldvolume theory, the massless particle exists in the one-dimensional worldvol- 
ume and the calculation in section |21 is based on non-relativistic quantum mechanics. 
On the other hand, the strings considered in section |21 exist in 2 6- dimensional spacetime, 
and the center-of-mass coordinates of the massless open strings are confined in the one- 
dimensional subspace of it. Because of the above difference, we also need the following 
consideration to obtain the correct normalization. 

Let us consider the probability P{n) of that n open-string particles of mass m whose 
momenta lie in a small region (P^ki^i) ■ ■ ■ (P^ki^n) are created from the closed strings.^ P{n) 
is given as 



Pin) 



dH. 



£%. 




^{N,n) 



25 i 



(27r)^^5(%))---(27r)^^5(A;(„)) 



(4.1) 



We have the delta functions in the first line because the open strings do not have mo- 

(, \ ra/2 
2m) 

to the amplitude in the sting theory to compare it with the amplitude in the worldvolume 
theory. Note that the factor (g^)"" in ()4.1|) is necessary to make P{n) dimensionless. 

3. Difference of the Hilbert spaces 

The Hilbert space of string theory in section IHl includes the closed-string sector and the 
massive open-string sector, too. On the other hand, the Hilbert space of the effective 
field theory on the D-particle considered in section |21 includes only massless open-string 



^We have introduced the same IR cut-off as that of the worldvolume theory here; now the mass of the 
open-string particles is m. On the other hand, we have calculated the string amplitudes for the case of ?n = 
in order to maintain the conformal invariance of the worldsheet. This discrepancy disappears because we take 
the limit m — > eventually. 
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states. Due to the above difference of the Hilbert spaces, the absolute normahzation of 
the ainphtudes cannot be compared directly with each other. 

With the above things in mind, we propose the following identification between the am- 
plitudes in the effective field theory and those in the string theory: 



M'^ 



field 



^(0) 



field 



^1) 

P(0) 



1 



1 



/2m^/T\ 



J[{N,l) 



1 

2m 



1 ^(iV,0) 



^{N,0) 



(4.2) 



The physical meaning of the right-hand side is the following. The probability of the creation of 
the one open string through the scattering between the D-particle and the closed strings should 
be proportional to 2^1-4.^^'^^^ and that of no creation of the massless open string should be 
proportional to l^^^'^-'p. We can cancel the ambiguity of the normalization of the probability 
which arises due to the problem 3 above, by considering the ratio of the probability. 

Let us substitute the above resuhs into (jOI)- From Eqs. ^TTT} . (J2I2I|, (^^ and ^TTl} . 
we obtain 



^(1) 



field 



^(0) field 



^J(O), 



TV 



25 



rX 



25 



V2mr j(0). 



(4.3) 

(4.4) 
(4.5) 



Then we obtain the following relationship from ()4.2|) : 

N 



rXf 






(4.6) 



This is the momentum conservation condition between the D-particle and the closed strings 
up to the relative sign. The result ()4.6|) is independent of the IR cut-off and of the types of 
the closed strings. 

4.2 Poisson distribution from string theory and the kinetic energy 
of the D-particle 

We have considered only P(1)/P(0) in the previous subsection. Let us consider P{n)/P{0) 
for general n and see what happens. In the framework of the effective field theory, P{n) is 
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given from (J2.2H) as 

1 



P(n) = — A"e-^ (4.7) 



n\ 



A = |J(0)|^ (4.8) 

and P(n)/P(0) = ^A". The above gives a Poisson distribution. In the framework of the 
string theory, P{n)/P{0) is given as 



P(0) n\ Vv/2^ v^ / ' 
from ()3.12|1 and the discussions in section 14.11 Thus the identification 

|J(0)| = ^^, (4.10) 

V2m vr 

that is made in (j4.2j) is still valid for n > 2. In other words, (j4.9|) indicates that we can also 
derive the Poisson distribution for the massless particles from the string theory. The above 
observation strongly suggests that the effective action (j2.3p with the source term captures the 
phenomena of the scattering between the D-particle and the closed strings well. 

It is interesting to see that the total energy of the massless scalar particles on the world- 
volume of the D-particle gives the correct kinetic energy of the D-particle. The expectation 
value of the total energy of the scalar particles after the scattering is given by using ()4.9|) as 

that is exactly the expected value of the kinetic energy of the D-particle after the scattering. 
This quantity is also independent of the IR cut-off. 

5 Generalization to the higher dimensional D-branes 

We generalize the results in the previous sections to the cases of higher dimensional D-branes. 
We consider a Dp-brane which extends in the x°, ■ ■ ■ ,x^ directions. We choose the spacetime 
coordinate so that the initial momentum of the D-brane is zero and the final momentum 
of it is in the x^^ direction. We consider an elastic scattering between the Dp-brane and 
closed strings; we assume that the momenta of the closed strings parallel to the Dp-brane are 
conserved within the closed strings, and the total momentum coming from the closed strings 
is exactly perpendicular to the Dp-brane. In this case, the Dp-brane does not get any internal 
energy from the closed strings. 
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5.1 Results from the worldvolume theory 

In this section, we consider the following effective scalar field theory on the Dp-brane: 

S = Tpjd^+'x i^^daXpd^'X^ - \m^X^ + J{x) ■ X{x)^ , (5.1) 

where m is an IR cut-off and Tp is the tension of the Dp-brane. p runs from p + 1 to 25. 
We have chosen the worldvolume coordinate x" so that it is equal to the zero mode of X", 
where a runs from to p. We have U{1) gauge field on the worldvolume and the gauge field 
may contribute to the recoiling process of the D-brane, too. However, we assume that all the 
contributions of the gauge field are implicitly included in the source term. 

We also assume that the source term is switched on only for the duration ti < x" < t{. We 
compactify the x^, ■ ■ ■ , x^ directions on a torus of radius R to make the mass of the Dp-brane 
finite. Let us consider momentum conservation in the x"^^ direction and we consider only the 
field X^^. Standard calculations in the field theory lead us to the following results: 

PinK = ^jK^''"^ (5-2) 

K^^E^y^'iE.^^r, (5.3) 

p ft 1 

^f = 4r E {j^'iEq, qje'^'^'^^e-"^-'^ + J^\-E^, -^e~'^^^^" e''^'^} , (5.4) 

P n 

where P{n)Dp is the probability of that the source creates n massless scalar particles that 
correspond to the zero mode of the Dp-brane in the x"^^ direction, and XP is the time derivative 
of the expectation value of X^^ at x^ > tf. We regard Xf^ as the final velocity of the D-brane 
in the x^^ direction as we did in the case of D-particle. The integrals over the momenta 
in the uncompactified theory have been replaced with the summation over the Kaluza-Klein 
momenta q = (^, ■ ■ ■ , ^) which are labeled by n = (ni, ■ ■ ■ , Up). Note that the volume of the 
Dp-brane Vp = {2tiRY has appeared in order to get the correct measure of the summation. 
We have defined E^ and x as E^ = w |g|2 + m^ and x = (x\ ■ ■ ■ , x^). J'^^{E^, q) is the source 
term in the momentum space that is given by 

/oo /•2ttR /•2ttR . 

dx^ dx^--- dx^e-'^i^^"^-'^J{x^,x). (5.5) 

-oo Jo Jo 

The probability that the source creates the one massless scalar particle of momentum k is 
given by 

PWd, = \.e''', (5.6) 
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We are considering the elastic case in which the Dp-brane does not get any internal energy 
from the closed strings. Then J'^^{E^,k) = for fc 7^ 0, because only the massless particle 
with A; = can be created in this process. Therefore Eqs. (j5.3|) and (j5.4p become 

X? = -j^^''(0,0). (5.9) 

in the present case. 

5.2 Comparison with the ampUtude of string theory 

In the case that the massless scalar open string does not carry the momentum, we can easily 
see that the calculations in the string theory gives a similar result as that of the D-particle 
case: 






/I WO) 



Tp 



r N \ ^ 

Efc(i) ' (5-10) 



where A\^f^ is the total tree-level amplitude of the creation of the n massless scalar open 
strings on the Dp-brane from A^ closed strings.^ Next, we generalize the relationship ()4.2p to 
the present case. Let us consider the probability of that one scalar particle of mass m whose 
momenta lies in a small region (P^k is created from the closed strings.^ The probability written 
in terms of the string amplitude up to the normalization is 

<P^k 1 , (^,1)2 -^ (^ Xf,P\\- ^^^ 1 I /lWl)|2 



where we have considered uncompactified spacetime here. The delta functions come from the 
fact that the scalar particle do not have the momentum perpendicular to the Dp-brane. In the 
present case, the spacetime is compactified and l/Vp appears when we convert the momentum 
integrals into the summation over the Kaluza-Klein momenta. Then the probability (|5.11|) 
should be written as 

i^K■'l^ (5.12) 



^These massless open strings are those corresponding to the zero mode of the Dp-brane in the x^''' direction. 
^k is the momentum of the massless particle as that in section l5.ll however it is defined as a 25-dimensional 
vector in this subsection. 
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where we have substituted A; = as we did bellow (j5.7|) . The same probability in terms of 
the field theory is given by P(1)dp, and then the relationship corresponding to ()4.2j) for the 
present case is 



P(l) 



Dp 



AN,!) 2 



ANfi) 



P(0)dp 2mVp 
From Eqs. ((221), dEHl), dEH)), (fOn|) and (fOTI|l . we obtain 



(5.13) 



TpV^Xf 



25 



N 



(5.14) 



which is the correct momentum conservation condition in the direction perpendicular to the 
Dp-brane up to the relative sign. 

We can also show that the Poisson distribution of the probability of the n massless particle 
creation obtained from the effective field theory is consistent with the calculations of the 
creation probabilities in the string theory. The expectation value of the total energy of the 
created massless particles gives the final kinetic energy of the Dp-brane correctly. 

6 Conclusion and discussions 

We developed a new method to describe an elastic scattering between a D-brane and closed 
strings in the non-relativistic region. The momentum conservation condition between the D- 
brane and the closed strings was obtained up to the relative sign of the D-brane's momentum. 

An interesting extension of the present work may be investigation of non-elastic scatterings 
in which the closed strings lose their total momentum in the worldvolume directions. In this 
case, the massless modes on the D-brane get non-zero momentum and non-zero energy from 
the closed strings. How to obtain the energy conservation condition between the D-brane and 
the closed strings, that have not been discussed in this paper, is also an important problem 
which we should solve in the future. If we choose a particular spacetime coordinate so that 
XP = — Xf^^, energy conservation holds through the scattering process. This suggests that 
the Lorentz covariant generalization of the present work may solve the problem of the energy 
conservation. Generalization to superstring theory is interesting, too. 

In the present work, the momentum conservation condition between the D-brane and the 
closed strings was derived up to the relative sign and a natural question is how to fix the relative 
sign. However, we can take a different standpoint in the construction of more generalized 
formalism to solve the above open problems; the momentum conservation condition with 
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correct relative sign can be utilized as a prerequisite. For example, the exact momentum 
conservation condition for a D-particle, 



N 



rXr = Y.k% (6.1) 

i=l 

fixes the relative phase between the amplitudes in the field theory and those in the string 
theory as 

(6.2) 



in our notation. We can also obtain a similar condition between the amplitudes for a Dp-brane. 
The new relationship between the amplitudes like ()6.2|) can be a starting point of solving the 
open problems. We hope that the present work can be a step to the deeper understanding of 
the interactions between D-branes and closed strings. 

Acknowledgments 

The author would like to thank John F. Wheater for the collaboration at the initial stage 
of this project. The author also thanks the members of the group of theoretical particle 
physics and cosmology at Niels Bohr Institute and NORDITA for valuable discussions and 
comments. The author wish to thank the organizers of RTN workshop "The quantum structure 
of spacetime and the geometric nature of fundamental interactions" held at Copenhagen on 
15-20 September 2003 where the present work has been initiated. This work was supported 
in part by Nishina Memorial Foundation. 



A Derivation of (HTm 



We review the derivation of ()2.2H) in this appendix. In the interaction representation, 

|*(t)), = f/(t,to)|^(to))7, (A.l) 



where 



U{t,to) = Texpl-i f dt'Vi{t')\ 

= exp ha^ t dt'j(t')e""*'| exp lia t dt'j(t')e-'™*'| 

X exp |- f dt, r dh e{h - t2)e'"'^''-''^j{ti)jih) \ . (A.2) 

L J to J to 
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The time evolution of the state in the Schrodinger representation is 

|^(t))s = e-^^"(*-*«)^(t,to)|vI/(to))s. (A.3) 

The n particle state is defined as \n) = -^{a^)"'\0) and 
(n|e-^^(*-*")|0) = (n|e-*^"(*-*")[/(t,to)|0) 

_ g-Jm(n+i)(t-to)/^|g«a'''a|Q\ 

X exp (- /* dt^ r dt, e{t, - t2)e*™(*^-*2)j(ii)j(^2)| , (A.4) 

I Jto Jto J 

where 

a= ['' dt'jit')e'"'''. (A.5) 

Jto 

The following formulae are useful: 

(n|e*"^"|0) = ^(i)"(a)". (A.6) 



_gig(ti-t2) 



'■°° dq 



'-00 q — te 

— r dq\p- + i7i6(q) \ e'"^''-'^^ . (A.7) 

2Tn J-oD [ q J 



Therefore 



t rt 



•1 



to •'to 

1 f°^ dq ~ ~ 1~ 

P I — j(g — m)j{—q + m) j{—m)j{m) 



2TTi J-oo q 2 

(to -^ — oo, t -^ oo) 

,^_i|j(0)|2 (^^0), (Ai 



where 



e^^F r ^Jiq)ji-q) (A.9) 

Zn J-oo q 

is a real number. Thus n particle creation amplitude Af^^l^ is given as 

41 = , lim (n|e-^^(*-*")|0) 

CO — * — oo,t — >oo 

^ '2)"j(0)"e~5bX0)Pe*e, (A.IO) 



at the limit m — ^ 0. 
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B Notations and useful formulae 



We use the following worldslieet action in this paper: 

1 



S 



27ia' 



d'zdX^dX'^G 



livi 



G 



fiu 



diag(+,+,+, ■■■+). 



The Green's function on the unit disk is given as 



{X^{z)X^{w)) 



a 



|ln|2; — w|^ + ln|l — zw \ ^ \ 



if we have Neumann boundary condition in the x'^ direction, and 



(X^(2)X^(w)) 



a 



|ln|z — w|^ — ln|l — zw I ^ \ 



(B.l) 
(B.2) 



(B.3) 



(B.4) 



in the case of Dirichlet boundary condition instead. 

We assume that we have Dirichlet boundary condition in the x^^ direction here. If the 
point w is on the boundary of the unit disk, 

{X'\z)drX''{w)) = 



a w 



w 



+ 



w 



w 



2 \w — z w — ljz w — z w — l/zy 
where drX^^iw) = {wdw + wdu,)X^^{w). If the point z is also on the boundary. 



(B.5) 



{drX^\z)drX^\w)) = -a' 

Eq. ()3.4|) can be shown by using ()B.6|) and 



wz 



[w — Z) 



+ 



wz 



'w — z)"^ 



(B.6) 



27r e^'f'e 

'^'^ [ei^ - e'^Y 



js 



0. 



-1/z 



dJ0 pid 



2lT 



J 



(B.7) 



C Derivation of (EH) and (EI2D 



We derive ()3.1H) and ()3.12j) in this appendix. To begin with, we define A{mi,m2, ■ ■ ■ ,mj;n) as 
the disk amplitude with mi-th, m2-th, ■ ■ -, and m^-th closed-string vertices and the n massless 
scalar open-string vertices. For example. 



A{l,3,4;n) 



fc(i) + fc(3) + fc(4) \ ^(i,3,4;0). 



(C.l) 
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by using (j3.9p . A^^''^^ is then written by the summation of all the possible connected and 
disconnected diagrams: 

^(A^,o) ^ A{1,2,---,N;0) 

+ A{1, 2,---,N-l; 0)A{N; 0) + A(l, 2, ■ ■ ■ , A^ - 2, A^; 0)A{N - 1; 0) 

+ --- + A{2,3r--,N;0)A{1;0) 
+ A{1, 2, ■ ■ ■ , iV - 2; 0){A{N - 1, N; 0) + A{N - 1; 0)A{N- 0)} + ■ ■ ■ 
+ ••• 
+ A{1)A{2)---A{N). (C.2) 

Next, let us calculate A^^'^^ by using a modification of ()C.2|) . In order to obtain A^^'^\ we 
should modify, for example, A{1, 2,---,N -2; 0)A{N - 1; 0)A{N; 0) in the right-hand side of 

J3 as 

A{1, 2, ■ ■ ■ , A^ - 2; 0)A{N - 1; 0)A{N; 0) ^ 

A(l, 2, ■ ■ ■ , A^ - 2; 1)A{N - 1; 0)A(A^; 0) + A(l, 2, ■ ■ ■ , A^ - 2; 0)A(A^ - 1; 1)A{N; 0) 
+A(1, 2, ■ ■ ■ , AT - 2; 0)A(A^ - 1; 0)A(Ar; 1) 

X^N-2 7,25 )l25 j,25 "J 

^'=''^ + %^ + ^ A(l, 2, ■ ■ ■ , AT - 2; 0)A(Ar - 1; 0)A{N; 0) 

y-A^ ^25 

= ^^-1 W /t(i^ 2, ■ ■ ■ , A^ - 2; 0)A(Ar - 1; 0)A(Ar; 0), (C.3) 

and the extra factor — '^ ''•' appears in front of the original term. In the same way, we can 
show that all the terms in the right-hand side of (jC.2|) get the same extra factor through the 
modification and we can conclude that 

v-iV 7,25 

^{A^,2) jg g^jgQ calculated by a similar modification of A^'^'^\ For example, ^*^^'^^ contains 
v4(l, 2, ■ ■ ■ , A^ - 2; 1)A(A^ - 1; 0)A{N; 0) and this term should be modified as 

A(l, 2, ■ ■ ■ , A^ - 2; 1)A{N - 1; 0)A{N; 0) ^ 
A(l, 2, ■ ■ ■ , A^ - 2; 2)A{N - 1; 0)A(A^; 0) + A(l, 2, ■ ■ ■ , A^ - 2; 1)A(A^ - 1; 1)A{N; 0) 
+A(1, 2, ■ ■ ■ , AT - 2; 1)A{N - 1; 0)A(Ar; 1) 

Y^Af-2 7,25 i,25 J,25 "J 

^'='^'^ + %^ + ^ A{1, 2, ■ ■ ■ , AT - 2; l)A(Ar - 1; 0)A{N; 0) 

y-A^ ^25 

^^A(l, 2, ■ ■ ■ , A^ - 2; l)A(Ar - 1; 0)AiN; 0), (C.5) 
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and the extra factor — '"^ ^'-' appears in front of the original term, again. We can also show 
that all the terms in A^^'^' get the same extra factor through the modification and we can 
conclude that 



The same procedure holds for the calculation of ^(^'") from A^^'"" ^^ and therefore we can 
conclude that 

^(^'")= l^^^^l ^(^'°). (C.7) 



References 

[1] J. M. Maldacena, "The Large N Limit of Superconformal Field Theories and Super- 
gravity", Adv. Theor. Math. Phys. 2 (1998) 231,/nt. J. Mod. Phys. 38 (1999) 1113, 
,hep-th/9711200, 

[2] A. Sen, "Open-Closed Duality at Tree Level", Phys. Rev. Lett. 91 (2003) 181601, 
|hep-th/ 0306137": A. Sen, "Open-Closed Duality: Lessons from Matrix Model", Mod. 
Phys. Lett. A19 (2004) 841, )hep-th/ 0308068i A. Sen, "Rolling Tachyon Boundary State, 
Conserved Charges and Two Dimensional String Theory" , ]hep-th/0402 1 57| 

[3] D. Gaiotto, N. Itzhaki and L. Rastelli, "Closed Strings as Imaginary D-branes", Nucl. 
Phys. B688 (2004) 70, |hep-th/0304192 



[4] O. Bergman and S. S. Razamat, "Imaginary time D-branes to all orders" , hep-th/0402 1 24| 



[5] S. Hirano and Y. Kazama, "Scattering of Closed String States from a Quantized D- 
Particle", Nucl. Phys. B499 (1997) 495, |hep-th /9612064| 



[6] W. Fischler, S. Paban and M. Rozali, "Collective Coordinates in String Theory", Phys. 
Lett. B352 (1995) 298, hep-tli/9503072| 

[7] W. Fischler, S. Paban and M. Rozali, "Collective coordinates for D-branes", Phys. Lett. 
B381 (1996) 62, hep-th/9604014 



[8] V. Periwal and 0. Tafjord, "D-brane recoil", Phys. Rev. D54 (1996) 3690, 
|hep-th/9603156 



[9] V. Gurarie, "Logarithmic Operators in Conformal Field Theory", Nucl. Phys. B410 
(1993) 535, ,hep-th/9303160, 



21 



[10] I. I. Kogan and N. E. Mavromatos, "World-Sheet Logarithmic Operators and Target 
Space Symmetries in String Theory", Phys. Lett. B375 (1996) lll,|hep-th/9512210| 

[11] I. I. Kogan, N. E. Mavromatos and J. F. Wheater, "D-Brane Recoil and Logarithmic 



Operators", Phys. Lett. B387 (1996) 483, hep-th/9606102| 



[12] J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, "D Branes from Liouville Strings", 
Int. J. Mod. Phys. A12 (1997) 2639, ,hep-th/9605046, 

[13] J. Ellis, N. Mavromatos and D. Nanopoulos, "D-Brane Recoil Mislays Information", Int. 



J. Mod. Phys. A13 (1998) 1059, hep-th/9609238 



[14] N. E. Mavromatos and R. J. Szabo, "Gradient Flow in Logarithmic Conformal Field 



Theory", Phys. Lett. B430 (1998) 94, |h^th/9803092. 



[15] N. E. Mavromatos and R. J. Szabo, "Matrix D-brane Dynamics, Logarithmic Opera- 
tors and Quantization of Noncommutative Spacetime", Phys. Rev. D59 (1999) 104018, 
|hep-th/9808124 



[16] J. Ellis, N. E. Mavromatos and E. Winstanley, "Logarithmic Operators Fold D branes 
into AdSs", Phys. Lett. B476 (2000) 165, h ep-th/9909068| 

[17] N. E. Mavromatos and R. J. Szabo, "D-Brane Dynamics and Logarithmic Superconformal 
Algebras", JHEP 0110 (2001) 027, |hi^-th/0106259| 



[18] N. E. Mavromatos and R. J. Szabo, "The Neveu-Schwarz and Ramond Algebras of Log- 
arithmic Superconformal Field Theory", JHEP 0301 (2003) 041, |hep-th/0207273| 



[19] J. Ellis, P. Kanti, N. E. Mavromatos, D. V. Nanopoulos and E. Winstanley, "Decoherent 
Scattering of Light Particles in a D-Brane Background" Mod. Phys. Lett. A13 (1998) 



303, |hep-th/9711163 



[20] J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, "World-Sheet formulation of M the- 
ory". Int. J. Mod. Phys. A13 (1998) 5093, |hep-th/ 9804084| 



[21] A. Campbell-Smith, J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, "Light- 
Cone Broadening and TeV Scale Extra Dimensions", Phys. Lett. B466 (1999) 11, 
|hep-th/9907141 



[22] A. Campbell-Smith and N. E. Mavromatos, "D-Brane Recoil and Supersymmetry Break- 



ing as a Relaxation Process" , Phys. Lett. B476 (2000) 149, hep-th/9908139 



22 



[23] J. Ellis, N. E. Mavromatos, D. V. Nanopoulos and G. Volkov, "Gravitational-Recoil 
Effects on Fermion Propagation in Space-Time Foam", Gen. Rel. Grav. 32 (2000) 1777, 
lgr-qc/9911055( 

[24] A. Campbell-Smith and N. E. Mavromatos, "D-Brane Recoil and Supersymmetry Ob- 



struction", Phys. Lett. B488 (2000) 199, hep-tli/0003262 



[25] J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, "Dynamical Formation of Horizons in 
Recoiling D Branes", Phys. Rev. D62 (2000) 084019, ,gr-qc/0006004, 

[26] N. E. Mavromatos and E. Winstanley, "D-particle Recoil Space Times and "Glueball" 
Masses", Int. J. Mod. Phys. A16 (2001) 251, |hep-t h/0006022| 



[27] G. K. Leontaris and N. E. Mavromatos, "A Novel Mass Hierarchy and Discrete Exci- 
tation Spectra from Quantum-Fluctuating D-branes", Phys. Rev. D64 (2001) 024008, 
|hep-th/Q011102 



[28] E. Gravanis and N. E. Mavromatos, "A study of spacetime distortion around a scattered 
recoiling D-particle and possible astrophysical consequences" , hep-th/0103122[ 

[29] E. Gravanis and N. E. Mavromatos, "Impulse Action on D-particles in Robertson- Walker 
Space Times, Higher-Order Logarithmic Conformal Algebras and Cosmological Hori- 



zons" , |hep-th/0106T4^ 

[30] J Ellis, N. E. Mavromatos and M. Westmuckett, "A supersymmetric D-brane Model of 
Space-Time Foam" , ,gr-qc/0405066, 

[31] T. Asakawa, S. Kobayashi and S. Matsuura, "Closed String Field Theory with Dynamical 
D-brane", JHEP 0310 (2003) 023, hep-th/0309074j 



23 



